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^ ■ Abstract 

^ I We reconsider the issue of the existence of a complex structure in the Gupta- 

' Bleuler quantization scheme. We prove an existence theorem for the complex struc- 

2^ ■ ture associated with the d = 10 Casalbuoni-Brink-Schwarz superparticle, based on 

an explicitly constructed Lagrangian that allows a holomorphic-antiholomorphic 
splitting of the fermionic constraints consistent with the vanishing of all first class 
constraints on the physical states. 



Oh! 

^ : 

As it is well known, the puzzle of the covariant quantization of the su- 
^ ! perparticle, superstring models can be viewed as the problem of mixed 

5^ ! first and second class fermionic constraints in the Hamiltonian formalism 

[1-3]. One of the interesting approaches to treat the second class con- 
straints is the Gupta-Bleuler-type quantization scheme [4-7] which, for the 
case at hand, reduces to the construction of a specific complex structure 
J on a phase space of the models |^. The latter provides a holomorphic- 
antiholomorphic splitting of the mixed constraints which proved to yield a 
successful covariant quantization of the 4(i superparticle [5] . 

A recipe how to construct such a J in arbitrary space-time dimensions 
has been proposed in the recent work [10]. The strategy adopted then was 
to decompose the tensor J into irreducible representations (irreps) of the 

*e-niail: bellucci@lnf.infn.it 

^e-mail: galajin@fma.if.usp.br, permanent address: Department of Theoretical Physics, Tomsk State 
University, 634050 Tomsk, Russian Federation 

^For simplicity, in what follows we shall discuss the superparticle case only. A discussion of questions 
related to the covariant quantization of the Green-Schwarz superstring can be found e.g. in [8,9] 



1 



Lorentz group and then reduce the equations for determining J to those 
for the irreps. The expHcit solution in = 10 has been found [10] 

Jab=-{AaBb-AbBa), (Ifl) 

a 

a = ±yjA^B^ - {ABf, (16) 

{Ap) = Q, {Bp) = Q, (Ic) 

requiring the extension of the original phase space {O°'^P0a) through 

the new vector variables ^4", 5". Generally, such an extension can eas- 
ily be realized by introducing two pairs of canonically conjugate variables 
{A^ , PAn) ,iB'^ , PBn) subjcct to the first class constraints 

PAn = 0, PBn = 0, (2) 

and treating the equations (Ic) as gauge fixing conditions for some of the 
constraints (2). However, as the first class constraints remaining in Eq.(2) 
do not commute with the complex structure, in passing to a quantum 
description the vanishing of these constraints on physical states would be 
incompatible with the vanishing of the holomorphic constraints on those 
states. 

In this brief note we suggest a way to cure this inconsistency. The idea 
is to completely fix the gauge freedom in the sector {A,pa), {B,pb) by 
introducing further auxiliary variables. If the first class constraints from 
the sector of the new variables turn out to commute with A and B, the 
complete description is self-consistent. 

The action to be examined reads 

S = J dr^ix'' - leV'e - uiA^ - U2B'' - ^iiM'if - pi{A^ - 1)- 

-P2{B^ - 1) - Vu{AK) - V2^{BK,) - ^^J{K^KJ + A,,) - ^l^ (3) 

where 

Here the summation over repeated indices is understood. As compared to 
the Casalbuoni-Brink-Schwarz model [11] one finds a set of auxiliary vari- 
ables {A"^, B", A"i, /i^, z/ij, z/2i, LJi, Pi, P2), with being symmetric. 
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Consider the model (3) in the Hamiltonian formahsm. Introducing mo- 
menta {pe: p'\ Pea, Pa", Pb"", Pkm^PtivPi^wPv^r^ P^ip Poj,, Plo^i P pi, P P2) canoni- 
cally conjugate to the configuration space variables one has a set of primary 
constraints 

Pe = 0, pe^ leV^n = 0, (4a) 
Pa" = 0, Ps" = 0, PKm = ^, (46) 
Pp^ = 0, Piy,, = 0, p:,^^ = 0, (4c) 
Poj, = 0, Pcj2 = 0, pp^ = 0, {4d) 

PP2 = 0) P<^^] = (4e) 
and the relation to eliminate 

Xn = epn + i9Tn9 + UJiAn + UJ2Bn + A^zAm- (5) 

The canonical Hamiltonian is 

H = {pe + i6T'^pn)\e + PeK + Pa>^a + Pb^b + PAt^At + Ppi^p^^ 

+PiynKu +Pl^2t^l^2i +P^^J^^^J + PiOl^^l + PlU2^UJ2 +Ppi^Pl +Pp2^P2 + 

2 

+ey + coiipA) + a;2(l?5) + /9i(^^ - 1) + P2{B^ - 1) + i^iz(^Az)+ 

+Z/2^(BA,) + $zj(A,A, + A,j-) + /ii((Ml) + 1) + /"2((M2) + 1) + . . . 
+//8((M8) + 1), (6) 

where the X's denote Lagrange multipliers corresponding to the primary 
constraints. 

The consistency conditions for the primary constraints imply the sec- 
ondary ones 

/ = 0, pA, + l = 0, A^Aj + A,^- = 0, (7a) 

pA = 0, ^2-1 = 0, AA, = 0, (76) 

pB = 0, -1 = 0, BA, = 0, (7c) 

cjii?" + 2piA'' + z/i,A", = 0, {7d) 

uj^p"" + 2/^2^" + z/2.A^ = 0, (7e) 

z/H^" + U2^B^ + + 2$,,A", = 0, (7/) 



^We define the Poisson brackets of the variables (A, pa), in the form {A"i,pA„jj} — S^m^ij, 

{$y ,P*fcs} = \ {SikSjs + SisSjk) ■ 
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and determine half of the Xq 



rXA^ = 0. (8) 

Consider now Eq. (7d). Multiplying it by and taking into account Eq. 
(7b) one gets 

Pi = 0. (9) 

Subsequent multiplication of the remaining equation coip'^ + uuA'^i = by 
A^i reduces it to a system of linear homogeneous equations which has 
the trivial solution 

cj, = 0, z/i, = 0, (10) 

since the matrix 

p'^ pA^ 
pAj A,Aj 

is nondegenerate on the constraint surface (7a)-(7f). In the same spirit 
Eqs. (7e),(7f) simplify to 

^2 = 0, P2 = 0, Z/2i = 0, lli = 0, ^ij = 0. (11) 

The preservation in time of the secondary constraints (7a)-(7c),(9)-(ll) 
determine some of the Lagrange multipliers 

pXa = 0, AXa = 0, AiXA + AXAi = (12a) 

pXb = 0, BXb = 0, A,Xb + BXm = (126) 

pXm = 0, AiXAj + AjXAi = 0, (12c) 

Ap, =0, A^, =0, A,,. = 0, il2d) 

Ap, = 0, A,, =0, A,,^ = 0, (12e) 

A^i = 0, X^ij = 0, (12/) 

and no tertiary constraints appear. 

Taking into account Eqs. (4),(9)-(ll) one concludes that the variables 

{PhPpi), {P2,Pp2), {Pi,Ppi), (^H,Pz/ii), {^2i,Pu2i), {^ij,P^ij), i^hPw,), 

{^2,Pw2) unphysical and can be omitted after introducing the associated 
Dirac bracket. Thus, the only nontrivial constraints to be analyzed are 
those from Eqs. (7a)-(7c), together with the corresponding momenta (4b). 

Let us now return to Eq. (7). The constraints (7b) together with the 
corresponding momentum pAn = are second class. In a full agreement 
with this, Eq. (12a) involving the associated Lagrange multiplier Xa can 



4 



be solved explicitly. Actually, since the vectors p^^A^, A^i satisfying Eq. 
(7) are linearly independent for any fixed value compatible with Eq. (7), 
the matrix 

f PO ... pg \ 

Ao ... Aq 



(13) 



is invertible on the constraint surface. The latter fact implies that the 
system of linear inhomogeneous equations (12a) has a unique solution for 
any fixed value of p'^,A^, A"^. Analogously, the constraints (7c) and psn = 
are second class and Eq. (12b) uniquely determines A^. 

Thus, it remains to discuss the constraints (7a) and the correspond- 
ing momentum pAm = 0. In order to extract the first class constraints 
contained in pAni = 0, it suffices to construct operators projecting onto 
subspaces orthogonal to (A", B") and {p^,Ani) respectively. The explicit 
form of the projectors is 

(^^) Amu , (^^) Dm. 
n(AB) ^ = S n + Y^^,A Bn + Y^^,B An- 

Ar^^'^^n ^—-^B'^Bn, (14) 

1 - (ABy 1 - {ABf ^ ^ 

^{A,Br^A^ ^ 0, ^iA,Br^B^ « 0, 

n(A,s)"^,p" « P"^, ^(^,5)-^A^ « A-, (15) 

n m =xm (M,-)v-^'V"^An. (i^A,)v-^--A-,j.„ 
^^'"^^ " " (M)V(M) (M)V(M) 



+V^-^A-,A„,- - (M/c)V^^A-,(M.)V^^A,,- 



prripn 



(pA)V(j9A) 



(M)V(M)' 



(16) 



^ipAr^A^ « n(,,A)"^,5" « 5-, (17) 

where V is the inverse matrix to A, VijAjk = Sik and means weak 
equality. Note also that (pA)'V{pA) « | 7^ 0. In the presence of the 
projectors the first class constraints can be written in the form 

^ ii^,,Aru^A,n)\PA\ = 0. (18) 
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At the next stage, one needs to construct the Dirac bracket associated with 
all the second class constraints of the problem, which will look like 

{M, N}^ = {M, N} + {M, pA}... {pAn, N} + {M,A'-1}... 

{PAn. N} + {M, ^A,} . . . {pAn, N} + {M, pB} . . . {pBn, N} + 

{M, B'-l}... {pB^, N} + {M, BA,} . . . {pB^, N} - 
(^_iy{M)eiN)^j^ ^ A^) + terms not involving p a, Pb, (19) 

where . . . denotes some specific functions and {M, A} is the usual Poisson 
bracket. As it is seen, under this bracket A^^ B^ commute both with 
each other and with the first class constraints p^ = from the sector of 
additional variables. This implies that the subsequent split of the fermionic 
constraints pe + iOT^Pn = into holomorphic and antiholomorphic sets will 
be consistent with the vanishing of the first class constraints p^ = on 
physical states. This was the problem to solve. 

Thus, in this letter we have reconsidered the complex structure in the 
Gupta-Bleuler quantization scheme, introducing a gauge fixing procedure 
based on the addition of a set of auxiliary variables, which makes the 
vanishing of the first class constraints on physical states compatible with 
the holomorphic-antiholomorphic splitting of the fermionic constraints. We 
have built explicitly the corresponding Lagrangian formulation. 

Since this Lagrangian looks like a monster, we have little hope to be 
really able to quantize a model on the basis of this scheme. However, our 
understanding is that the Lagrangian above can be viewed as the existence 
theorem for the complex structure associated with the 10c? Casalbuoni- 
Brink-Schwarz model. 

Although the approach proposed here proved to be too complicated, 
we expect that the technique will be efficient when applied to theories 
possessing a constraint like (Ap) = 0, with A a dynamical variable. One 
of the possible applications seems to be the particle in anti-de Sitter space 
and this work is in progress now. 
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